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THE IDEA for this paper arose at a conference on algebraic vector bundles on 
projective spaces held at Oxford in May 1978. * The recently discovered connection 
between some partial differential equations of mathematical physics and certain 
holomorphic vector bundles on complex projective 3-space has provided an enormous 
boost to a subject which was already of interest to algebraic geometers. Conversely 
one may hope that the results obtained by abstract mathematical methods may be of 
use to the physicists. 
It is too early to write a comprehensive summary of this rapidly changing field. 
However, I thought it might be useful to mark the present state of affairs in the 
subject and to stimulate further research by providing a list of problems. So, 
accepting the risk that it will soon be outdated, I have drawn up a list of problems 
which seem to me representative of current trends of research in the subject, 
including some suggested by other participants in the Oxford conference. I will not 
attempt to define all the terms used, nor to summarize all previous work-for that I 
refer to the annotated bibliography at the end and the further references contained in 
those papers. 
The problems will be stated mostly in the language of abstract algebraic 
geometry [27]: projectioe space Pk" is taken over an algebraically closed groundfield k 
of characteristic p 2 0; a vector bundle is a locally free coherent algebraic sheaf; in 
the case where the groundfield is C, the category of algebraic vector bundles is 
equivalent to the category of holomorphic vector bundles. There are several different 
definitions of stable vector bundle in current use. For the sake of definiteness, we will 
use the definition of Mumford and Takemoto: a vector bundle E of rank r on P” is 
stable if for every coherent subsheaf F of E, of rank s, cl(F)/s < c,(E)/r, where cl 
denotes the first Chern class. Replacing < by s gives the definition of semistable. 
PROBLEM 1. Does there exist an indecomposable vector bundle of rank 2 on PCs?. 
This is part of the more general problem to find vector bundles of small rank on 
large projective spaces. It is known that there are indecomposable bundles of rank 2 
on P” for n = 2,3,4; of rank 3 on P” for n = 2, 3,4,5; of rank n - 1 on P” for all n Z= 2 
and over a field of characteristic .2 there is one of rank 2 on P’. Other than these there 
are no known indecomposable bundles of rank 1 < r -C n - 1 on r. The problem is 
intriguing because there is no particular reason why they should not exist, yet they 
have proven extremely difficult to find. 
A recent result of Grauert and Schneider[20] says that an indecomposable iank 2 
bundle on Pc” for n 3 5 must be stable.? This narrows the search considerably. In 
particular it implies that the Chern classes must satisfy c,’ < 4cz. 
The problem can be translated into questions of linear algebra, to find matrices 
satisfying certain conditions. Unfortunately these seem very difficult. 
In another direction, one can ask about the existence of topological C’-bundles on 
*I would like to thank Michael Atiyah for organizing this conference and encouraging me to write up 
these problems. 
iSee note added in proof. 
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PC”. Rees[48] and Smith[54] have shown for every n > 5 there exist nontrivial 
C’-bundles on P,” with Chern classes c, = cI = 0. The result of Grauert and Schneider 
would imply that these could not be holomorphic. 
References: [7, 12, 13, 26, 32, 33, 56, 57, 59, 80, 82, 901. 
PROBLEM 2. Find more rank 2 vector bundles on P’. 
The only indecomposable rank 2 bundles known on P” are the bundle of Horrocks 
and Mumford[32], plus those obtained from it by tensoring with a line bundle or 
pulling back by a finite morphism from P’ to itself and, in characteristic 2, some other 
bundles constructed by Horrocks [34]. 
PROBLEM 3. Does there exist a nonsingular subvariety Y C PC6 of dimension 4 
which is not a complete intersection? 
According to a result of Barth, any such Y would be the zero set of a section of an 
indecomposable rank 2 vector bundle on P c6 and conversely any such vector bundle 
would give such a Y. So this problem is equivalent to the problem of finding an 
indecomposable rank 2 vector bundle on Pc6. Schneider[53] has shown that if such a 
subvariety Y exists, its degree must be >514. 
This problem is a special case of the more general problem of finding subvarieties 
of small codimension in projective space. In particular, if Y is a nonsingular 
subvariety of P” and if dim Y > jn, is Y necessarily a complete intersection? 
References : [6, 261. 
PROBLEM 4. Let X be a nonsingular projective variety of dimension n with a fixed 
very ample divisor H. Do the stable vector bundles E on X of fixed rank r and with 
fixed Hilbert polynomial P form a bounded family? 
Another way of phrasing this question is to ask whether the moduli space of those 
bundles is of finite type over k. For Maruyama[41] has shown that these bundles have 
a coarse moduli scheme, which is locally of finite type over k. The answer is known to 
be yes if n s 2 or if r =G 2 and also for r = 3, 4 in characteristic 0. 
References : [4 143, 701. 
PROBLEM 5. Let E be a stable (respectively, semistable) vector bundle of rank r on 
P” with n z 3. Is it true that for almost all hyperplanes H C P” the restriction of E to H 
is stable (respectively, semistable)? 
If so, this would be an important step for an inductive solution of the problem of 
boundedness (Problem 4). It has been proved by Barth for r = 2, with one exception, 
the nullcorrelation bundle (respectively, by Maruyama, whenever r < n). 
References: [7,29,431. 
PROBLEM 6. Study the compactijication of the moduli space of stable vector 
bundles obtained by allowing semistable torsion-free sheaves as well. 
This is a rather vague problem, but the point is that to obtain a real understanding 
of stable vector bundles, it is important to consider also semistable bundles and stable 
and semistable torsion-free sheaves. In particular, all those results which have been 
proved so far for vector bundles should be done also for torsion-free sheaves. This 
will doubtless involve new technical difficulties, but should provide a better under- 
standing of questions such as how the moduli spaces of bundles with different Chern 
classes fit tdgether. It may also have some significance for mathematical physics by 
providing a model for “gauge fields with singularities.” 
References: [40-421. 
PROBLEM 7. Describe explicitly the moduli space M(c,, CT) of stable rank 2 bundles 
on p with Chern classes cl, c?. 
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In particular one can ask what are the irreducible components of M, what are their 
dimensions, is there a universal family of bundles on M (in which case M would be a 
fine moduli space)? At least one knows under what conditions M(c,, cz) is nonempty, 
namely if and only if c,‘< 4cz and cIc2 = 0 (mod 2). 
The corresponding problem for stable rank 2 bundles on p? has been treated quite 
satisfactorily by Barth (for c, even) and Hulek (for c, odd). Barth shows for c, = 0 
that the moduli space M(0, cz) for c2 > 0 is an irreducible rational nonsingular 
quasiprojective variety of dimension 4c~-- 3. He also parametrizes the bundles in 
terms of quadratic forms on certain vector spaces. 
On P’ the situation is much more complicated. Restricting to the case cl = 0 for 
simplicity, in which case cz>O, it is known that every irreducible component of 
M(0, ct) has dimension 3 8~2 - 3. On the other hand, the moduli space is known to be 
disconnected for c2 2 3 and for every odd c 2 5 5 there exist irreducible components of 
dimension > 8cz - 3. The maximum possible dimension is not known but has been 
guessed by Barth. A complete description of the moduli space M(0, c2) has been given 
only for c? = 1,2. 
Horrocks has shown that every rank 2 bundle on p can be represented by a 
monad. This essentially reduces the question to linear algebra. For small values of c2 
one can list what types of monads might occur, but the question of existence of the 
bundles is difficult. Only in the special case of stable bundles with cl = 0 and 
H’(E(-2)) = 0 (which includes all the bundles coming from instantons) does the 
monad take on a particularly manageable form. 
References: [7, 9-l 3, 17, 28, 29, 35, 75, 84, 881. 
PROBLEM 8. Describe explicitly the moduli space M’(k) of SU(2)-insranrons with 
instanton number k. 
According to Atiyah and Ward[2], this problem is equivalent to classifying stable 
rank 2 holomorphic vector bundles E on P c3 with c, = 0, c2 = k, having a real structure 
(T with m2 = - 1 and no real jumping lines. Atiyah and Hitchin, and independently 
Drinfeld and Manin, showed that these bundles satisfy H’(E(-2)) = 0 and so can be 
represented by very special monads of Horrocks. The moduli space M’(k) is known to 
be a real analytic manifold of (real) dimension 8k - 3, but except for the cases k = 1, 2 
it is not yet known whether it is connected. It is a union of a subset of the connected 
components of the real part of the complex moduli space M(0, k) of Problem 7. 
The monads lead to a very explicit problem in linear algebra over the quatemions 
which in principle describes the moduli space. Using this one can show 7r,(M’(2)) = Z2 
and it is conjectured that rl(M’(k)) = Zl for all k t 2. The precise topologicai 
structure (e.g. homotopy type) of the spaces M’(k) should be of importance to the 
physicists in their evaluation of Peynman integrals. 
References: [2, 3, 5, 15, 17, 28, 46, 65, 681. 
PROBLEM 9. Find the least integer r, as a funcrion of cl and cz, such that for each 
stable vector bundle E of rank 2 on P’ wirh cl and c2 as Chem classes, HO(E(r)) # 0. 
Another approach to the problem of classification of rank 2 bundles on P’ is to 
associate to the bundle a curve in P’ obtained as the zero set of a section of,‘some 
twist E(r) of the bundle. To do this efficiently, we want to use the least possible r 
(which can be bounded in terms of cl and c2 because of boundedness of the family 
[Problem 41). Then in principle the classification of bundles is reduced to the 
classification of curves (also difficult). 
In case c, = 0, I conjecture that the least r > d(3cz + 1) - 2 will do. For the bundles 
coming from instantons this bound works and is the best possible. For arbitrary stable 
bundles, this bound works for c2 s 9, but the best bound I can prove for arbitrary c? is 
of the order of (~2)~‘~. 
References: [29]. 
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PROBLEM 10. Let S = k[xo, XI, x2, x31 be the homogeneous coordinate ring of Pk’. 
Characterize those finite-length graded S-modules N such rhar there exists a rank 2 
(respectively, srable) vector bundle E on Pk’ wirh N = “FZ H’(P), E(n)). 
The module N is an important invariant of the bundle E. In fact Horrocks[31] has 
shown that a bundle E (of unspecified rank) is determined up to direct sums with line 
bundles by the module N together with the module N’= “gZ H’(P’, E(n)) and an 
element p E Exts*(N’, N). In the case of rank 2, N’ is the dual of N, up to shift, so 
that E is almost determined by N. 
If C is a curve in P’ obtained as the zero set of a section of a twist of E, then the 
module N appears (up to shift) as @ H’(Pt3, 4c(n)) where 4c is the ideal sheaf of C. 
IIEZ 
Rao [45] has shown that every finite length graded S-module N arises in this way from 
some irreducible nonsingular curve in p and that N characterizes the liaison 
equivalence class of C. On the other hand, he shows that not every N arises from a 
rank 2 bundle as above. 
On p, a rank 2 bundle E is completely determined by the corresponding module N 
and indeed this is the starting point of Barth’s classification of bundles on P’[8]. 
PROBLEM 11 (Barth). Let N be the graded S-module associated to a stable rank 2 
bundle E on F’ with CI = 0, as in Problem 10. Is N generated as an S-module by its 
elements in degrees <O? 
This is true for those bundles E satisfying H’(E(-2)) = 0: in that case N is 
generated by elements in degree - 1. If true in general, this would limit the types of 
monads needed to construct all rank 2 stable bundles on P’. 
References : [9-l 11. 
PROBLEM 12. Given integers d, k > 0, find the maximum genus g of an irreducible 
nonsingular curve C of degree d in p3 which is not contained in any surface of degree 
< k. 
For k = 1, g = &d - l)(d - 2). For k = 2 the bound g <ad’- d + 1 was given by 
Castelnuovo. For general k and for d > k(k - 1) the bound 
d’ 1 
gsZ+2d(k-4)+1 
was given by Halphen and has recently been proved by Harris and Gruson and 
Peskine. 
If d <!(kZ+4k +6) then an easy argument using the Riemann-Roth theorem and 
Clifford’s theorem shows that 
but it is not known if this is the best possible. 
In the remaining range :(k’+ 4k + 6) s d =Z k(k - 1) the bound is not known, but I 
conjecture that 
and there are many examples of curves giving equality. If true, this conjecture would 
imply an affirmative solution to the conjecture in problem 9. 
References: [21-25, 27, Ch. IV, 96, 291. 
PROBLEM 13 (Barth). Let C C P’ be a space curve whose canonical bundle WC = 
0c(2m -4) for some m and assume rhar C has degree d > m2 and that C does nor lie 
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on any surface of degree m. Then is the natural map 
H”(O’+( I)) @H”(O,(m + k - l))+ H’(Wm + k)) 
surjective for all k 2 O? 
This is a translation of Problem 11 into space curves 
References: [ 1,9, 111. 
PROBLEM 14. For which ualues of c ,, cl, c) does there exist a stable rank 3 bundle E 
on P with the given Chern classes? 
This is the first unknown case of the general question, what restrictions does 
stability impose on the Chern classes of a vector bundle on P”? Topology imposes 
certain congruences on the Chern classes of (topological) C-bundles on PC”. In the 
case of rank 3 bundles on P’ this is clc2 = c3 (mod 2). Vogelaar has recently shown 
that for every cl, ~2, c3 satisfying this congruence, there exists an algebraic rank 3 
vector bundle on P’ with those Chern classes. On the other hand, one can see easily 
that stability implies cl2 < 3~1. It remains to determine the possible values of c3 for 
stable bundles. 
In addition to this question about rank 3 bundles, there are many other untouched 
questions about rank 3 and higher rank bundles on P’, similar to Problems 7-10. For 
example, one can ask about the moduli space of SU(3)-instantons, which correspond 
to certain stable rank 3 bundles with cl = c3 = 0, c? 2 2. 
References : [4, 58,621. 
PROBLEM 15. Let E be a stable rank r bundle on P” with first Chem class c, 
, 
satisfying -r < cl =S 0. For any line L C P”, let El,_ z 6 Bt_(ai) with al 3 az 2 . . . 3 a,. 
i=l 
What are the possible values of ai for the general line L? 
The decomposition of E restricted to a line and how that decomposition changes 
as the line varies has been an important tool in studying vector bundles of rank 2. For 
example, one defines a jumping line for E to be a line where the ai are different from 
the ai of a general line. A uniform bundle ‘is defined as one with no jumping lines. 
In the case of stable rank 2 bundles on Pc”, the theorem of Grauert and Miilich 
says that for the general line, if cl = 0, then al = az = 0; if cl = - 1, then al = 0, 
a2 = - 1. However, over a field of characteristic p > 0 other things may happen and for 
rank r 2 3 over any field the answer is not yet known.” 
References: [7, 18, 19,37,49,62]. 
PROBLEM 16. Extend the results about stable bundles proved so far only ouer C to 
the case of a groundfield k of arbitrary characteristic. 
This means replacing those arguments which involve complex analysis or charac- 
teristic zero hypotheses with methods of abstract algebraic geometry and noting what 
new phenomena may occur in characteristic p > 0. 
References: [37,5 1, 731. 
PROBLEM 17. Let L be a line in p and let X be the formal completion of Ij’ along 
L. Study vector bundles on X whose restriction to L is trivial. 
This is the analogue, in abstract algebraic geometry, of the problem of studying 
holomorphic vector bundles on a tubular neighborhood of L in Pc3. It is suggested via 
the Penrose transform by localization at a point in Minkowski space, which cor- 
responds to localization near a line in Pc3. 
For this algebraic problem, one loses the second Chern class of a bundle and the 
moduli spaces become infinite-dimensional. However, a global bundle on F’ is 
*This problem is now solved (over C) by Spindlx[83]. 
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determined by its restriction to X, so this local problem may provide a new perspec- 
tive on the global moduli problem. 
PROBLEM 18. Take two projective 3-spaces with coordinates xi and xi respectively 
and let F C P’ x P’ be the hypersurface defined by C x,X i = 0. Study vector bundles on 
F whose restriction to a general P’ x P’ in F is trivial and which admit an extension to 
the third infinitesimal neighborhood of F in F’ x P’. 
This problem arises from the work of Witten[63] and independently Isenberg, 
Yasskin, and Green[36] on non-self-dual solutions of the Yang-Mills equation. Actu- 
ally their problem is only local, in the neighborhood of some P’ X P’ inside F, but 
global results of an algebro-geometric nature might be useful. 
PROBLEM 19. By restricting bundles on P to a fixed curve C in P”, establish some 
relationship between the moduli spaces of stable vector bundles on P” with the moduli 
of stable bundles on C. 
This seems a natural thing to try since so much is known now about the moduli 
spaces of vector bundles on curves. The first step would be to determine under what 
conditions the restriction to C of a stable bundle on P” is stable on C. 
References: [44, 71, 76-78, 871. 
PROBLEM 20 (Barth). Give a description of the versa1 deformation space of a vector 
bundle on PC’ with orthogonal (respectiveiy, sympiectic) structure. 
This problem arises naturally in Barth’s work and would generalize the case of 
deformations of bundles on Pc’ without additional structure considered by Brieskorn. 
References : [7, 11 J. 
PROBLEM 21 (Barth). Let S,, be the vector space of symmetric n x n C-matrices and 
let A, be the vector space of alternating n X n C-matrices. Let A be a sufficiently 
general element of H”(Pc’, S,@cS,l(l)). Then there is an exact sequence of sheaves on 
PC’ 
Ls” @ 0,l(l)LI, @a&42)-,0, 
where &J is given by (I, A, A’, . . . , A”-‘) and G(B) = [B, A] for any B. What is the 
coboundary map 
2-n 
s : H0(ii”&0P’(2))-+ H’(@ 0,4&))? 
This problem arises out of the linear algebra translation of Problem 7 for stable 
rank 2 bundles E on PC’ satisfying CI = 0 and H’(E(-2)) = 0. For n = 1, 2, 3, the fact 
that 6 is obviously zero shows that the subset of M(0, n) corresponding to these 
bundles is connected. 
References: [3, 10, 17,461. 
PROBLEM 22 (Atiyah). For any rank 2 holomorphic vector bundle E on Pc3 cor- 
responding to an instanton, consider the restriction of E to a fixed plane PC’. This gives 
a mapping from the 8k - 3 real-dimensional moduli space M’(k) of instantons 
(Problem 8) to the 4k - 3 complex-dimensional moduli space M”(k) of stable vector 
bundles on PC* with cl = 0 and c? = k. It is a fibering with fiber SL(2, C)/SU(2>. Is the 
image of this mapping equal to the Zariski-open subset V of M”(k) corresponding to 
stable bundles which are trivial on the unique real line in Pc’? 
If so, this would give a method of studying the real moduli space of instantons in 
terms of the complex moduli space of bundles on P’ discussed by Barth[Sl. 
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PROBLEM 23 (Horrocks). Let A, be a regular local ring of dimension n i 1, n its 
maximal ideal and X, = Spec A -{m}. Are there any nontrivial bundles E on X, which 
are infinitely extendable, in the sense that for each n’> n, there exists a bundle E’ on 
X,, whose restriction to X, is E, where X,, is embedded in X,,, as the subset defined by 
the vanishing of n’- n regular parameters of A,,? 
The corresponding question on projective space has a negative answer: any 
infinitely extendable bundle E on P” (meaning for each n’ there is a bundle E’ on P” 
restricting to E on P”) is a direct sum of line bundles. This was proved in the case of 
rank 2 by Barth and Van de Ven and for arbitrary rank by Sato. An independent proof 
was given by Tyurin. There is also an analogous statement for subvarieties: if Y, C P” 
is a nonsingular subvariety and if for each n’> n there is a nonsingular subvariety 
Y,. C P"' such that Y, is the tranversal intersection of Y,. with P”, then Y, is a complete 
intersection. 
References: [5a, 6,26,50-52,601. 
PROBLEM 24 (Horrocks). Let A be a regular local ring of dimension n + 1. What is 
the minimum rank r(p) of the pfh module of syzygies of a nonzero artinian A-module? 
It is known that 
r(2) = n 
r(p)=r(n+l-p) 
(principal ideal theorem) 
(duality) 
r(p)> 
n-l 
n+l-p 
r(p)< 
n 
( ) P-l 
(Lebelt [39]) 
(Koszul complex). 
PROBLEM 25 (Horrocks). What is the minimum rank s(p) of bundles on the 
punctured spectrum X, (using notation above) with projective dimension n + 1 -p 
(>O)? 
This is a generalization of Problem 24. Clearly s(p) s r(p). Lebelt’s inequality 
holds for s also. 
Reference: [14a]. 
PROBLEM 26 (Horrocks). Find the least b - a - c such that there exists a sequence 
aA, L bA. : CA., 
with fia = 0, Q, /3 locally split on X, but not globally split. 
The first unsolved case is n = 4. 
Note Added in Proof (2 April 1979). To bring this problem list up to date. we include new and additional Refs. 
[64-901 below. 
Unfortunately, Grauert and Schneider have not yet been able to repair the error in their paper[20]. 
Therefore that result and its consequences (in particular[53]) must remain conjectural. 
Barth has pointed out that in Problem 5, one must expect some exceptions, generalizing the nullcqrrelation 
bundle in rank 2. Thus. for example, for stable bundles of rank r on P’ with c, = 0 one should require cI 2 r. 
With regard to Problem 7. see the recent work of Hulek[35]. Le Potier(751. Strsmme[84] and Tyurin[88]. 
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nonfree jth syzygy module must have rank a j. The corresponding problem for a vector bundle E (not a 
sum of line bundles) on P” is this: if H’(E(m)) = 0 for all i = 1. 2, . . . , j - 2 and for all m E 2, does E 
have rank 2 j? 
15. N. H. CHRIST, E. J. WEINBERG and N. K. STANTON: General Self-Dual Yang-Mills solutions, fhyr. Rev. D 
18 (1978). 2013-2025. 
Discusses the matrix formulation of the problem of classifying instantons and gives a rather explicit 
description of the moduli of SU(Z)-instantons for k = 2.3. 
16. V. G. DRINFELD and Ju. I. MANIN: On locally free sheaves over CP’ connected with Yang-Mills fields, 
Usp. Mat. Nnuk 33 (15’S), 165-166. 
Announcement of results in [17]. 
17. V. G. DRINFELD and Ju. I. MANIN: Instonfons und Sheaoes 011 CP’. preprint. 
Contains the complete proof that every bundle on Pc’ arising from an instanton is represented by a 
special monad of the form A@O(- I)+B@O+ C&O(l), A, 8. C vector spaces. In particular, proves 
the critical H’(E(-2)) = 0 and constructs the monad by the method of Beilinson. 
18. G. ELENCWAIG: Les fib& uniformes de rang 3 sur P?(C) sont homogtines, Math. An&n 231 (1%‘8), 
217-227. 
Extends earlier work of Van de Ven (rank 2 on PC”) and Sate (rank r < n on Pc”) to prove that every 
uniform bundle of rank 3 on PC’ (meaning the isomorphism class of the restriction lo a line is independent of 
the line chosen) is homogeneous. See also[69]. 
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19. H. GRAUERT and G. M~LICH: Vektorbtindel vom Rang 2 iiber dem n-dimensionalen komplex-projek- 
tiven Raum, Manuscr. math. 16 (1975), 75-100. 
Gives a construction for rank 2 vector bundles from a codimension 2 subvariety. Also shows that the 
restriction of a stable rank 2 bundle to a general line is C@e if c, = 0; eFge( 1) if c, = I. 
20. H. GR~UERT and M. SCHNEIDER: Komplexe Unterrgume und holomorphe Vektorraumbiindel vom Rang 
zwei, Math. An& 230 (1977). 75-w. 
The main result states that any indecomposable rank 2 vector bundle on Pc”, for n Z= 4, must be stable. 
Unfortunately there is an error on p. 85 which the author\ halve not yet been able to rep;lir. w the qucxtion 
remains open. 
2 I. L. GRUSON and C. PESKINE: Genre des Courhes de I’ Espuce Projectif, in Alpehrc~ic Geonletr~. Tron~.s~ 1977. 
Lecture Notes in Math 687. 31-59. Springer. Berlin (1978). 
Using the result of Laudal[38], they determine the maximum genus g of a nonsingular curve C in P’ of 
degree d, not contained in any surface of degree < k. in the range d > k(k - 1). 
22. L. GRUSON and C. PESKINE: Theortme de speciahtt, Seminaire ENS (1977-78) expose No. 6. 
Contains a good discussion of Halphen’s work on curves in P’; what he stated and to what extent 
proofs of those statements are known. 
23. G. HALPHEN: Classification des courbes gauches algebriques, 1. &o/e polyrechnique 52 (1882). I-200. 
A treatise on the classification of curves in P’ including tables of all curves of degree s20. 
Unfortunately, some proofs rely on general position arguments which do not live up to modern 
standards of rigor. 
24. J. HARRIS: Untitled preprint, Nov. 1976. 
Contains a derivation of the maximum genus g of an irreducible curve C of degree d in P. not 
contained in any surface of degree <k, provided d > k’. 
25. J. HARRIS: Letter to R. H., July 1978. 
Constructs examples of space curves of large genus very close to the bound conjectured in Problem 12. 
25a. J. HARRIS: The genus of space curves, Preprint, Sept. 1978. 
New expanded version of [24]. 
26. R. HARTSHORNE: Varieties of small codimension in projective space, Bull. Am. Math. Sot. 80 (1974). 
1017-1032. 
A survey article discussing various questions concerning subvarieties of small codimension and vector 
bundles of small rank on protective spaces. The conjecture “Y nonsingular C P”. dim Y > i II+ Y ;I 
complete intersection” remains open. 
27. R. HARTSHORNE: Algebraic Geometry, Graduate Texts in Math. Vol. 52. Springer-Verlag, New York 
(1977). An introduction to modern abstract algebraic geometry, including schemes, sheaf theory, 
cohomology and topics in the theory of curves and surfaces. 
28. R. HARTSHORNE: Stable vector bundles and instantons, Commun. Math. Phys. 59 (1978). l-15. 
Statement of the algebra-geometric problem of rank 2 vector bundles on PC’ corresponding to 
SU(Z)-instantons and announcement of the results of Hartshome[29], in particular, the classification of 
instanton bundles with cz = 2. 
29. R. HARTSHORNE: Stable vector bundles of rank 2 on P’. Malh Annh, 238 (1978). 229-280. 
Complete discussion of basic properties and examples of stable rank 2 vector bundles on P’ and their 
moduli spaces. Main results include a bound on t for H’(E(t)) # 0 (Problem 9) and complete 
classification of stable bundles with c, = 0, c2 = 2. showing their moduli space is connected. 
30. R. HARTSHORNE: Algebraic vector bundles on protective spaces. with ;tpplications to the Y;lng-&lill\ 
equation. in Complex Mut~ifold Techniques iu Theoretical Ph.vsics, Pitman. London ( 1979). 
An expository talk: how methods of algebraic geometry led to the classification of instanton\ in term\ of 
linear algebra. 
31. G. HORROCKS: Vector bundles on the punctured spectrum of a local ring, Proc. Land. math. Sot. (3) 14 
(1964), 689-713. 
This paper analyzes vector bundles on the punctured spectrum of a regular local ring A in terms of 
certain complexes of modules on A, with applications to vector bundles on P’ and P’. 
32. G. HORROCKS and D. MUMFORD: A rank 2 vector bundle on P” with 15,000 symmetries, Topology 12 
(l%3), 63-81. 
The only known example of an indecomposable rank 2 bundle on P‘ (except in characteristic 2). 
33. G. HORROCKS: Examples of rank 3 vector bundles on five-dimensional projective zpace. J. /_o~d~~t .tf(lfh. 
Sot. (2) 18 (1978). 15-27. 
Uses the theory of group representations to construct a number of rank 3 bundles on P‘, indecompos- 
able except in characteristic 2. 
34. G. HORROCKS: Construction of bundles on P”. Sem. Dou:rdy-Verdier. E.N.S. (1977/78). 
Contains several methods and in particular constructs many new rank 2 bundles on P’ over a field of 
characteristic 2, some of which have negative discriminant and so cannot be stable. 
35. K. W. HULEK. Stable rank-2 vector bundles on P! with c’,(F) odd. preprint. 
Representing each such bundle by ;1 monad and using techniques similar to Barth[8]. he show\ that the 
moduli variety M(- I. n) is irreducible. nonsingular. and rational. He gives also ;I detailed description uf 
MC-1.2) and MC-1.3). 
36. J. ISENBERC. P. B. YASSKIN and P. S. GREEN: Non-self-dual piurge fields, preprint. 
An interpretation of non-self-dual Yang-Mills fields as holomorphic vector bundles on a 5-complex- 
dimensional manifold L C PC’ x Pc’. 
37. H. LANGE: Letter to R. H. June 1978. 
Generalizes the theorem of Grauert-Miilich to rank 2 stable vector bundles on P” over a field of 
characteristic p > 0. See [72.73]. 
38. 0. A. LAUDAL: A generalized trisecant lemma. in A/gebmic Geometry. Tromsu 1977, Lecture note\ in \fath 
687. Springer (1978) 112-149. 
Contains the following result, used by Gruson and Peskine in 1211: if C is an irreducible curve in P’ of 
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39. 
40. 
degree d, not contained in any surface of degree <k and if d > k(k - l), then the general hyperplane 
section of C is not contained in any curve of degree <k. 
K. &BELT: Zur homologischen Dimension Busserer Pdtenzen von Moduln, Arch. Math. 26 (1965). 
595-601. 
41. 
12. 
43. 
M. MARUYAMA: openness of a family of torsion free sheaves, 1. Math. Kyoto Liniv. 16 (1976). 627-637. 
The properties of a coherent sheaf being stable or semistable are open conditions (this is needed to 
construct moduli spaces). 
M. I~~ARUYAMA: Moduli of stable sheaves--I, 1. M&h. Kyoto Univ. 17 (1977). 91-166. 
If X is a nonsingular projective variety over an algebraically closed field k, then there is a coarse 
moduli scheme M for stable coherent sheaves of rank r with given Hilbert polynomial. M is locally of 
finite type over k, but the question of boundedness (M finite type) is left open in general. 
M. MARUYAMA: Moduli of stable sheaves-II. J. Math. Kyoto .Llni~~ 18 (1978). 557-614. 
Constructs a moduli space for semistable sheaves which is a compactiiication of the one for stable 
sheaves. Also studies some properties of the moduli spaces: smoothness, dimension, some examples. 
M. MARUYAMA: Boundedness of semi-stable sheaves of small ranks. preprint. 
Proves the boundedness of the family of semistable sheaves of rank r on a nonsingular projective 
variety X of dimension n, with fixed Hilbert polynomial, for r = 2 in all characteristics and for r = 3.4 
in characteristic 0. 
44. 
45. 
46. 
47. 
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S. RAMANAN: Vector bundles on algebraic curves. ICM 1978 Helsinki. 
A discussion of the moduli variety for stable vector bundles on curves and some connections with 
number theory and topology. 
A. P. RAO: Liaison among curves in P’. Inwnf. Moth. 50 ( 1979) 205-217. 
For every finite-length graded S = k[xo, XI, x2, x&module M, there exists an irreducible nonsingular 
curve C c p’. with M 3 @ H’(9&m)); the module M characterizes the liaison equivalence class of C. 
On the other hand there exist modules M not coming from any rank 2 bundle on P’ (Problem 10). 
J. H. RAWNSLEY: Self-dual Yang-,Mills fields, in Global A~u/~~~s. Calgary, June 1978, Springer Lecture 
Notes in [Math (to appear). 
Translates the linear algebra construction of Atiyah, Hitchin, Drinfeld and Manin[3] to a statement 
involving quatemionic matrices. Using this, he shows Mz is connected and x~(Ml) = ZZ, where Mk is the 
space of SU(Z)-instantons with instanton number k. 
M. R;IYNAUD: Fib& vectoriels instables-applications aux surfaces (d’aprts Bogomolov), Sem. GCom. 
Alg., Orsay (1977-78) exp. No. 3. 
Proposes a new definition of stable vector bundle independent of any polarization. For a rank 2 stable 
bundle on a surface shows c,*(E) c 4cl(E). For a surface of general type, cl* s 3c1 (Miyaoka). 
E. REES: Some rank two bundles on P,,C, whose Chern classes vanish, in Varie’t& Analytiques Compactes 
(Nice 1977). Lecture Notes in Math 683. Springer, Berlin (1978). 25-28. 
Constructs, for each n L 5, a nontrivial (topological) CL-bundle on PC” whose Chem classes vanish. 
E. SATO: Uniform vector bundles on a projective space, J. moth. Sot. Jopan 28 (1976). 123-132. 
A uniform vector bundle E of rank r < n on P” is homogeneous. 
50. E. SATO: On the decomposability of infinitely extendable vector bundles on projective spaces and 
Grassmann varieties, J. Math. Kyoto Univ. 17 (1977), 127-150. 
Shows that every infinitely extendable vector bundle E on PC” (i.e. one such that for every n’ > n, there 
is a bundle E’ on I”’ with .E’Ip SE) is a direct sum of line bundles, generalizing the result of Barth and 
Van de Ven for rank 2 [Sal. 
51. E. SATO: The decomoosabilitv of an infinitely extendable vector bundle on the projective vace-II, 
52. 
53. 
54. 
55. 
56. 
57. 
Proc. Int. Symp. AI&bhmic Geometry, Kyoto i977, Kinokuniya. Tokyo (1978). 661-672. 
Generalizes his earlier result Sato[SO] to infinitely extendable vector bundles E on P” over an 
algebraically closed field k of arbitrary characteristic. 
E. SATO: On infinitely extendable vector bundles on G/P. (preprint) 
Studies the structure of infinitely extendable vector bundles on certain homogeneous spaces, including 
Grassmann varieties. 
M. SCHNEIDER: Mannigfaltigkeiten der Codimension zwei im projektiven Raum, preprint. 
Assuming the result of Grauert_Schnedier[20] and certain inequalities on Chern classes, shows e.g. any 
nonsingular four-dimensional subvariety Y C PC6 of degree d s 514 must be a complete intersection. 
L. SWTH: Complex 2 plane bundles over Cl’(n), Monuscr. math. 24 (1978). 221-228. 
Shows for every n 2 5, there exist (topological) nontrivial C’-bundles over PC” with Chem classes 
c,=cL=o. 
H. TANGO: On (n - I)-dimensional projective spaces contained in the Grassmann variety Gr(n, I), J. 
Moth. Kyoto Univ. 14 (1974), 415-W. 
Classifies all such. Also shows any morphism from P’” to Gr(n, d) is constant if m 2 n + 1 or m = n p 6 
andd=1,2. 
H. TANGO: An example of indecomposable vector bundle of rank n - 1 on P”, J. Math. Kyoto Univ. 16 
(1976). 137-141. 
58. 
HIROSHI TANGO: On morphisms from projective space P” to the Grassmann variety Gr(n. d). (preprint). 
In most cases such morphisms do not exist. However, over a field of characteristic 2, there is a 
morphism from P’ to Gr(5.2) which gives rise to an indecomposable rank 2 bundle on P‘. 
A. THOMAS: Almost complex structures on complex projective spaces, Trans. Am. math. SOC. 193 
(1974). 123-132. 
Gives necessary and sufficient conditions for integers c,. . , c. to be the Chem classes of a 
(topological) (Y-bundle on PC”. ^__ ___ .^, 
59. G. TRAUTMANN: Moduli for vector bundles on P,,(C), Math. Ann/n. 237 (l!XN, lb/-1~. 
Gives a method of parametrizing vector bundles E on Pa for which dim H’@(m)) are given hxed 
integers, for all i, m, in terms of matrices satisfying certain linear and quadratic relations. 
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60. A. N. TYURIN: Finite dimensional vector bundles over infinite varieties. IX. Aknd. Nauk Ser. .%I. 40 
62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
(1976). 1248-1268. btuth U.S.S.R. Iscesrija 10 (1976). Il87-1204. 
Shows that any vector bundle of tnxte rank over F is a direct sum of line bundles. In other words. 
given an infinite tower of bundles .E, on P with E.lp-1 = En-, for each n. each E. is a sum of line 
bundles. 
J. .A. VW.XL.A~R: Constructing vector bundles from codimension-two zubv:irieties. preprint. 
Gibe\ ;I construction for bundle5 of rank r on P” in terms of \ubvaritie\ of codimen<ion 2 
Application: there exists a rank 3 bundle on P’ with Chem classes CI. c:, CI if and only if c,c: = CJ 
(mod 2). 
E. WIT-TEN: .An interpretation of classical Yang-Mills theory. preprint. 
The second order classical Yang-Mills equation leads to a problem about holomorphic vector bundles 
on a certain hypersurface in Pc’ x Pc’. 
C. W. BERNARD. N. H. CHRIST, A. H. GUTH and E. J. WEINBERG: Pseudoparticle parameters for arbitrary 
grtuge groups, Phys. Rev. D 16 (1977). 2%7-2977. 
Applies the Atiyah-Singer index theorem to determine the number of parameters needed to describe all 
self-dual Yang-Mills solutions on SJ relative to an arbitrary gauge group G. 
N. H. CHRIST: Self-dual Yang-Mills solutions. In Complex Manifold Techniques In Theoretical Physics. 
Pitman Publ. Ltd., London (1979). 
Quaterionic formulation of self-dual Yang-Mills solutions, including explicit formulas for SU(2) solutions 
with instanton number k = 3. and Sp(n) solutions with k G n. 
M. DESCHAMPS: Courbes de genre gCometrique borni sur une surface de type g&&al (d’apres F. A. 
Bogomolov) S&n. Bourbaki 519 (1978). 
A report on Bogomolov’s criterion for unstable vector bundles (see also[47]), with applications to algebraic 
surfaces. 
V. G. DRINFELD and Ju. I. MANIN: Self-dual Yang-Mills fields over a sphere. Fmrcf. Anul. und ifs Appl. I2 
(1978). 140-141 (English trans.). 
Another account of the results announced in [3]. 
V. G. DRINFELD~~~ JL. I. MANIN: A description of instantons. Commun. Math. Physics 63(1978). 177-192. 
An explicit description of n-instantanons for SU(7tr). Instantons of lower rank are obtained by the 
restriction SU(r) C SU(Zn). 
G. ELENCWMG: Des fib& uniformes non homog&es, Mafh. Ann. 239 (1979). 185-192. 
Constructs a family of uniform rank 4 bundles of P’ none of which are homogeneous. 
70. C. ELENCWAJG and 0. FORSTER: Bounding cohomology groups of vector bundles on P” (in preparation). 
71. 
72. 
73. 
The set of semistable vector bundles of rank r on PC.” with given L’, and cI forms a bounded iamily. In 
particular the higher Chern classes are bounded by c, and c?. The proof uses the result of Spindler[83]. 
D. GIESEKER: On a theorem of Bogomolov on Chern classes of stable bundles, preprint. 
Proves two theorems about semistable bundles in characteristic 0: (I) If E is semistable on a curve. then 
S”(E) is also semistable: (2) If E is semistable on a surface. then C’,‘(E) s (2r/(r - I ))c,( E). The latter result 
is proved by reduction (mod p). 
H. LANGE: The stability-degree of B rank-2 vector bundle on P’ Preprint 91 Dept. Math. Univ. Fed. 
Pernambuco Recife. Brasil 49 pp (1978). 
Discusses the stability-degree of a vector bundle, which measures how stable the bundle i\, and in 
particular gives another proof of the theorem of Granuert-Miilich for rank 2 bundles on P’. 
H. LANGE: On stable and uniform rank-:! vector bundles on P’ in characteristic p. Preprint 92 Depth. &lath. 
Univ. Fed. Pernambuco. Recife. Brasil (1978). 
Proves characteristic p analogues of the theorem of Van de Ven on uniform rank 2 bundle\ and the theorem 
of Grauert-Mulich on stable rank Z bundles (see [7]). analyzing the extra possibilities which occur in char. 
p >o. 
74. 0. A. LAUDAL: Formula moduli of algebraic structures. Lecffrre Note.7 in Mafh. Springer. Berlin (to appear). 
Detailed theory of a general global deformation theory, used in particular to prove the results of 1381. 
75. J. LE POTIER: Fib& stable de rang 2 sur P:(C). preprint. 
Let M(c,, cl) denote the moduli space of stable rank 2 vector bundles on P:(C) with given c,. c?. Then hi(c,. 
c,) admits a universal family if and only if either c, is odd,or c, is even and c: - :c,I is odd. ,M(O. cI) iq \imply 
connected except for cI = 2, in which case TT, = Z/32. The homotopy group IT:( M(0. c?)) is Z/27, for c: = 2: 
Z/22 @ 2 for cI even 24: Z for c, odd. 
76. D. MUMFORD: P. E. NEWSTEAD: Peiiods of a moduli space of bundles on curve,. Amer. 1. Moth. 90 ( 1968). 
l20+-1208. 
Let C be a curve of genus g L 3. let x,, E C be B fixed point. and let S be the \p:lce of r;lnk 2 \table vector 
bundles Eon C with det E = C!(x,,). Then S is a nonsingular projective variety. it bar ;t univer\;ll family. ;tnd 
the second intermediate jacobian variety of S is the jacobian variety of C. 
77. P. E. NEWT&AD: A non-existence theorem for families of stable bundles, /. Lo,ld<~rl Moth. Sot. (2) 6 ( 1973). 
259-266. 
Non-existence of a universal family for the variety of moduli of stable vector bundles of rank ,I and degree 
0 on ii curve of genus R 3 2. 
78. P. E. NEWSTEAD. Lectures on vector bundles on algebraic curve\. Taltr lnsfifufe Lecture Nofes (to appear). 
79. J. H. RAWNSLEY: On the Atiyah-Hitchin-Drinfeld-Manin vanishing theorem for cohomology group, of 
instanton bundles. preprint. 
Using Dolbeault cohomology groups, he gives a direct proof that H’(E( -2)) i\; isomorphic to the kernel of 
D*D+ R/6 and so vanishes, where E is an instanton bundle on P’(C). 
80. E. REES: Complex bundles with two sections. Proc. Comb. Phi/. Sot. 71 (1972). 457462. 
Studies when the conditions c,, = c,, , = 0 are sufficient to knock off a trivial bundle of rank 7 from a bundle 
of rank n on a complex manifold X of dimension n. Application: On P, ‘. there is a C’ C’-bundle with given 
c,. c$~?(c, i I - 3c, - Zc,‘) = 0 (mod 12). 
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81. 
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83. 
84. 
85. 
86. 
87. 
88. 
89. 
90. 
51. SCHF+EIDER. Stabile Vektorraumbdndel van Rang :! auf der projektiven Ebene. Nuchr. .&ud. W’irs. 
Got!ingen. Math-Phys Kl. ( 1976). 83-86. 
If E is a stable rank 2 vector bundle on P’. and c, 3 Zcl 1 lc,‘, then & is positive. 
\1. SCHNEIDER: Holomorphic vector bundles on P,,. SCminuire Bourbaki 330 (1978-79). 
.A \urvey of recent results. with an extensive bibliography. 
H. SPINDLER: Der Satz von Grauert-Miilich fiir beliebige semistabile holomorphe Vektorbtindel iiber dem 
rl-dimensionalen komplex-projektiven Raum. preprint. 
If E is a semistable rank r bundle on PC”. and if for a general line L. El, s C, (a,) @. @ C,;(a,) with 
u,~.~~~a,.thena,-a,.,slforeachi=I . .._. r-l. 
S. A. STR~CWE: On the moduli space for stable rank two vector bundles on P-‘ with odd first Chern class, 
preprint. 
Proves that M- 
G. TRAUTMANN: 
This does for C” - {O} wha;[59] does for F’. 
-1. /I) is irreducible and rational, by a method independent of that of Hulek[35]. 
Darstellung von Vektorraumbiindeln iiber C” - (0) Archio der Math. 21(1973). 303-313. 
G. TRAUTLIANN: Deformations of sheaves and bundles, In Van’&& Ana/yliques ~ompacfes (Nice 1977). 
Lecture Notes in Math, 29-41, 683 Springer, Berlin (1978). 
A report on deformation theory of vector bundles, with applications to the moduli space described in 1591. 
A. N. TYURIN, The geometry of moduli of vector bundles. Rltssian Math. Surveys 29 (1974). 57-88. 
A survey of moduli of vector bundles on curves. including the Narasimhan-Ramanan theorem. 
A. N. TYURIN: Rationality of the regular components of the variety of moduli of vector bundles of rnak 2 on 
P’. preprint. 
Claim\ that the variety of moduli of rank Z bundles E on PC ’ with c, = 0. cJ > 0 and H’(E(-2)) = 0 is an 
irreducible. rational variety. Unfortunately, the proof is incorrect. 
A. VAN DE VEN: On uniform vector bundles, Math. Am. 195 (1972). 245-248. 
Any uniform vector bundle of rank 2 on PC.” is either a direct sum of line bundles or (in case n = 2) a twist of 
the tangent bundle. In particular, uniform bundles of rank ? are homogeneous. 
UDO VEITER: Zu einem Satz von G. Trautmann iiber den Rang gewisser koharenter analytischer Moduln. 
Archiv der Math. 24 (1973). 158-161. 
Constructs an indecomposable rank II - I bundle on P” for any ,I 2 3. 
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